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Abstract
Let n ≥ 3 be a positive integer and let Fqk be the splitting field
of xn − 1. By γ we denote a primitive element of Fqk . Let C be a
cyclic code of length n whose check polynomial contains two zeros γd
and γd+D, where de | (q − 1), e > 1 and D = (qk − 1)/e. This family
of cyclic codes is not projective. The authors in [1, 4, 10, 12] study
the weight distribution of these codes for certain parameters. In this
paper, we prove that these codes are never two-weight codes.
1 Introduction
A linear code is called projective if its dual code has weight at least 3.
We call a linear code non-projective if its dual code contains a word of
weight at most 2. A cyclic code is irreducible if its check polynomial is
irreducible. More details about cyclic codes can be found in [3]. The class
of two-weight cyclic codes has been studied intensively by many authors
[1, 2, 4, 7, 8, 9, 10, 12].
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Two-weight irreducible cyclic codes were completely classified by Schmidt
and White, see [7]. They gave necessary and sufficient conditions for the
existence of these codes. Moreover, the nonzero weights are also explicitly
described. It remains of interest to classify all two-weight cyclic codes which
are not irreducible. In this direction, Wolfmann [11] proved that if a two-
weight projective cyclic code is not irreducible, then it is the direct sum of two
one-weight irreducible cyclic subcodes of the same dimension. Later, Vega
[8] and Feng [2] complete the classification by giving necessary and sufficient
conditions for these codes to be direct sum of two one-weight irreducible
cyclic subcodes of the same dimension. Nevertheless, the non-projective case
remains open.
The authors in [1], [4], [10], [12] studied the weight distributions of cyclic
codes of various parameters. All these codes are not projective codes and
not two-weight codes. The studied parameters belong to a bigger family of
codes whose description was given by Feng in the concluding remarks in [2].
It is the purpose of this paper to prove that these codes are non-projective
and never two-weight.
Theorem 1.1. Let n ≥ 3 be a positive integer. Let q be a prime power and
let Fqk be the splitting field of x
n − 1. Let γ denote a primitive element of
Fqk . Let C be the cyclic code of length n over Fq whose check polynomial is
the minimal polynomial over Fq containing two zeros γ
d and γd+D in which
γ is a primitive element of Fqk in which
de | (q − 1), e > 1, D =
qk − 1
e
.
Then the code C is non-projective and C is not a two-weight code.
2 Structure of the Code C
In this section, we study the structure of the code C described in Theorem
1.1 and provide necessary tools for the proof of Theorem 1.1. First, we fix
some notations and state basic definitions of cyclic codes.
Let m and n be coprime integers. By ordn(m) we denote the smallest
positive integer k such that mk ≡ 1 (mod n).
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Definition 2.1. Let h(x) be an irreducible divisor of xn − 1 over Fq, where
(q, n) = 1. The cyclic code W of length n over Fq with check polynomial h(x)
is called an irreducible cyclic code.
Moreover, let Fqk be the splitting field of x
n − 1 over Fq (note that k =
ordn(q)). Let α be a root of f(x) and put δ = α
−1. By Tr we denote the trace
of Fqk over Fq. Then the code W consists of the following words.
cw =
(
Tr(w),Tr(wδ), . . . ,Tr(wδn−1)
)
, w ∈ Fqk .
The main tools used in the proof of Theorem 1.1 is MacWilliams identities
[5] and the results by Schmidt and White [7]. While MacWilliams gives
relation between the weights of a linear code, Schmidt and White give an
explicit description for the weights of a two-weight irreducible cyclic codes.
The following result is taken from [5, Lemma 2.2].
Result 2.2. Let W be an [n,m] linear code over Fq. Let W
⊥ denote the dual
code of W . For each i = 0, . . . , n, let Ci(Bi) denote the number of words in
W (W⊥) which have weight i. Then
n∑
i=0
Ci
(
n− i
v
)
= qm−v
n∑
i=0
Bi
(
n− i
n− v
)
for v = 0, 1, . . . , n− 1. (1)
Let w1, . . . , wN be all the nonzero weights in the code W and let Ai be
the numbers of words of weight wi in W . Letting v = 0, 1, 2 in (1), we obtain
the following three identities which will be useful later.
Result 2.3. Under the above notations, we have
(1)
∑N
i=1Ai = q
m − 1.
(2)
∑N
i=1wiAi = (n(q − 1)− B1)q
m−1.
(3)
∑N
i=1w
2
iAi = [n
2(q−1)2+n(q−1)−B1(q+2(n−1)(q−1))+2B2]q
m−2.
Next, we give a description for the code C in Theorem 1.1. From now
on, we always fix a prime power q and positive integers n, k, d, e,D with the
properties n ≥ 3, k = ordn(q) and
de | (q − 1), e > 1, D =
qk − 1
e
. (2)
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Fix γ as a primitive element of Fqk . By C we denote the cyclic code of length
n whose check polynomial is the minimal polynomial over Fq containing two
zeros γd and γd+D.
Note that there is no integer i such that 0 ≤ i ≤ k − 1 and d +D ≡ dqi
(mod qk − 1). Otherwise, the congruence d+ (qk − 1)/e ≡ dqi (mod qk − 1)
implies qi ≡ 1 (mod (qk − 1)/(de)), so i = 0 and D ≡ 0 (mod qk − 1),
impossible. Hence, the minimal polynomials (over Fq) hd(x) and hD(x) of γ
d
and γd+D have no common zero. These polynomials are
hd(x) = (x− γ
d)(x− γdq) · · · (x− γdq
h−1
), and
hD(x) = (x− γ
d+D)(x− γ(d+D)q) · · · (x− γ(d+D)q
H−1
),
where h and H are the smallest positive integers such that
d(qh − 1) ≡ 0 (mod
qk − 1
q − 1
) and (d+D)(qH − 1) ≡ 0 (mod
qk − 1
q − 1
).
As d < q − 1, we have h = k. Moreover note that (qk − 1, d + D) =
d
(
qk−1
de
e, 1 + q
k−1
de
)
= d
(
e, 1 + q
k−1
de
)
divides de, so (d+D, (qk−1)/(q−1)) ≤
de ≤ q − 1. Hence we also have H = k. Therefore, the polynomial
h(x) = hd(x)hD(x)
is a polynomial of degree 2k and C is an [n, 2k] linear code.
We have proved the following lemma.
Lemma 2.4. Let Cd and CD be the cyclic irreducible codes whose check poly-
nomial are hd(x) and hD(x) described as above. Then both Cd and CD have
dimension k. Moreover, the code C has dimension 2k with check polyno-
mial h(x) = hd(x)hD(x). Denote β = γ
−1. The codes Cd, CD and C can be
explicitly described as follows.
Cd = {cu = (Tr(u),Tr(uβ
d), . . . ,Tr(uβd(n−1))) : u ∈ Fqk},
CD = {cv = (Tr(v),Tr(vβ
d+D), . . . ,Tr(vβ(d+D)(n−1))) : v ∈ Fqk},
C = {cu,v = (Tr(u+ v), . . . ,Tr(uβ
d(n−1) + vβ(d+D)(n−1)) : u, v ∈ Fqk}.
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The existence of the code C of length n implies that βdn = 1, so (qk−1) |
dn. As qk − 1 ≡ 0 (mod n), there exists a divisor λ of d such that
n = λ
qk − 1
d
.
By Lemma 3.2, both Cd and CD are two-weight codes if C is two-weight. For
the time being, we assume the validity of this result, that is, the codes C, Cd
and CD are all two-weight codes.
By wt(W ) we denote the set of weights of the code W . The following
results in [7] allow us to focus on two-weight codes over Fp.
Result 2.5. Put n1 = (q
k − 1)/d = n/λ. The following code C ′d is a two-
weight code of length n1 and wt(Cd) = λwt(C
′
d).
C ′d = {c
′
u = (Tr(u),Tr(uβ
d), · · · ,Tr(uβd(n1−1))) : u ∈ Fqk}.
Define
n2 =
n1(q − 1)
(q − 1, n1)
=
qk − 1
((qk − 1)/(q − 1), d)
and g =
(
qk − 1
q − 1
, d
)
.
The following code C ′′d is an irreducible cyclic code of length n2.
C ′′d = {c
′′
u = (Tr(u),Tr(uβ
g), · · · ,Tr(uβg(n2−1))) : u ∈ Fqk}.
Moreover, the code C ′′d is a two-weight code and
wt(C ′′d ) =
d
g
wt(C ′d) =
d
λg
wt(Cd). (3)
Result 2.6. Let Trp denote the trace of Fqk over Fp and let C¯d denote the
following irreducible cyclic code over Fp.
C¯d = {c¯u = (Trp(u),Trp(uβ
g)...,Trp(uβ
g(n2−1))) : u ∈ Fqk}.
Then the code C¯d is two-weight and
wt(C¯d) =
q(p− 1)
p(q − 1)
wt(C ′′d ). (4)
Combining (3) and (4), we obtain
wt(Cd) =
λgp(q − 1)
dq(p− 1)
wt(C¯d). (5)
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Using Result 2.6 and [7, Corollary 3.2], we can describe the two weights
of Cd in the following result.
Result 2.7. Denote
q = pt, g =
(
qk − 1
q − 1
, d
)
, h = ordg(p), s =
kt
h
.
The following are two weights of the code Cd.
w1 =
λ(q − 1)psθ(ps(h−θ) − ǫm)
dq
, w2 =
λ(q − 1)psθ(ps(h−θ) − ǫm+ ǫg)
dq
, (6)
where ǫ = ±1 and m is a positive integer with following properties
(i) m | (g − 1),
(ii) mpsθ ≡ ǫ (mod g), where ǫ = ±1,
(iii) m(g −m) = (g − 1)ps(h−2θ),
and θ = θ(g, p) is an integer defined by
θ(g, p) =
1
p− 1
min{Sp
(
j(ph − 1)
g
)
: 1 ≤ j ≤ g − 1},
where Sp(x) denotes the sum of the p-digits of x.
The last result in this section is taken from [11, Theorem 12].
Result 2.8. Let n be a positive integer and let q be a prime power such that
(n, q) = 1. Let C be a two-weight projective cyclic code of length n over Fq.
Assume that C is not an irreducible code. Then C is the direct sum of two
one-weight irreducible cyclic subcodes of the same dimension and of the same
unique nonzero weight w1. Moreover, all irreducible cyclic subcodes of C have
the same weight w1.
3 Proof of Theorem 1.1
Lemma 3.1. Define f = ((qk − 1)/(q − 1), de). The number B2 of words in
the dual code C⊥ of C having weight 2 is
B2 =
(
λf(q − 1)
de
− 1
)
(q − 1). (7)
Moreover, the code C is not a projective code.
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Proof. Note that there is no word in C⊥ or weight 1, as such a word induces
a nonzeoro polynomial axm, 0 ≤ m ≤ n−1, which contains two zeros γd and
γd+D, impossible. Therefore, the code C is projective if and only if B2 6= 0.
The number of words in C⊥ having weight 2 is equal to the number of
pairs (am, bm) ∈ F
∗
q × Fq such that 1 ≤ m ≤ n − 1 and the polynomial
amx
m− bm contains two zeros γ
d and γd+D. Let N be the number of integers
m such that 1 ≤ m ≤ n − 1 and there exists a polynomial xm − cm ∈ Fq[x]
which contains two zeros γd and γd+D. By the linearity of C, we have
B2 = N(q − 1). (8)
Note that xm − cm has zeros γ
d and γd+D if and only if γdm = cm ∈ F
∗
q and
γDm = 1. Hence (qk−1) | Dm and (qk−1)/(q−1) | dm. The first condition
implies e | m. Put d′ = ( q
k
−1
q−1
, d). The second condition implies q
k
−1
(q−1)d′
| m.
Thus m is divisible by the following number
lcm
(
e,
qk − 1
(q − 1)d′
)
=
(qk − 1)e
(q − 1)d′f ′
,
where f ′ = ( q
k
−1
(q−1)d′
, e). We have
d′f ′ =
(
qk − 1
q − 1
, ed′
)
=
(
qk − 1
q − 1
,
qk − 1
q − 1
e, de
)
=
(
qk − 1
q − 1
, de
)
= f.
Therefore, m is a multiple of (q
k−1)e
(q−1)f
= n de
λf(q−1)
. The number N of integers
1 ≤ m ≤ n−1 which has this property is N = λf(q−1)/(de)−1. Combining
with (8), we prove (7).
Now, assume that C is projective. We have B2 = 0, which implies
de = q − 1 and λ = f = 1.
By Result 2.8, the irreducible subcode Cd of C have a unique non-zero weight
w1. The identities (1) and (2) from Result 2.3 imply
w1 =
n(q − 1)qk−1
qk − 1
=
q − 1
d
qk−1.
Note that none of words in the dual code C⊥d of Cd has weight 1, as γ
d cannot
be zero of any nonzero polynomial axm ∈ Fq[x]. Let C2 be the number of
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words in C⊥d having weight 2. Let M be the number of integers r such
that 1 ≤ r ≤ n − 1 and there exists a polynomial xr − cr ∈ Fq[x] which
contains a zero γd. By similar reasoning as before, we obtain C2 =M(q− 1)
and (qk − 1)/(q − 1) | rd. As f = ((qk − 1)/(q − 1), de) = 1, we have
(qk−1)/(q−1) | r. The number of integers 1 ≤ r ≤ n−1 which is a multiple
of (qk − 1)/(q − 1) = nd/(q − 1) is (q − 1)/d− 1. Thus
C2 =
(
q − 1
d
− 1
)
(q − 1). (9)
By the identity (3) from Result 2.3, we obtain
(qk−1)
(
q − 1
d
)2
qk =
(
(qk − 1)(q − 1)
d
)2
+
(qk − 1)(q − 1)
d
+2(q−1)(
q − 1
d
−1),
which implies (qk − 1)(q − 1)/d divides 2(q − 1)((q − 1)/d − 1). This is
possible only when k = 1 and (q − 1)/d | 2. We obtain n = (q − 1)/d < 3, a
contradiction.
Since Cd and CD are subcodes of C, they have at most two weights. In
the next lemma, we prove that they cannot be one-weight codes.
Lemma 3.2. Under the same notations as above, suppose that the code C is
two-weight. Then both Cd and CD are two-weight codes.
Proof. We prove by contradiction. Suppose that either Cd or CD is one-
weight. Assume that is Cd. Note that there is no word in the dual code of
Cd having weight 1. Let w1 = wt(Cd). By the equation (2) of Result 2.3, we
obtain (qk − 1)w1 = n(q − 1)q
k−1. Hence
w1 = µq
k−1, where µ =
λ(q − 1)
d
| (q − 1). (10)
Note that w1 is also one weight of C. Next, we apply the MacWilliams
identities again to find the other weight w2 of C. Recall that A1 and A2 be
the numbers of words in C of weights w1 and w2. Moreover, the numbers
B1 and B2 denote the numbers of words in C
⊥ of weights 1 and 2. Note
that B1 = 0 and the value of B2 is given in (7). By Result 2.3, we have the
following identities for the [n, 2k] cyclic code C.
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(1) A1 + A2 = q
2k − 1.
(2) A1w1 + A2w2 = n(q − 1)q
2k−1.
(3) A1w
2
1+A2w
2
2 =
(
n2(q − 1)2 + n(q − 1) + 2
(
λf(q−1)
de
− 1
)
(q − 1)
)
q2k−2.
As (A1w1 + A2w2)(w1 + w2)− (A1 + A2)w1w2 = A1w
2
1 + A2w
2
2, we obtain
nq(w1 + w2)−
(q2k − 1)w1w2
(q − 1)q2k−2
= n2(q − 1) + n + 2
λf(q − 1)
de
− 2. (11)
Note that w1 = µq
k−1 with µ | (q − 1), by (10). The equation (11) implies
that w2 = αq
k−1 for some α ∈ Z+. In (11) using (qk − 1)µ/(q − 1) = n, we
obtain
nqk(µ+ α)− n(qk + 1)α = n2(q − 1) + n+ 2
λf(q − 1)
de
− 2,
which implies n | (2λf(q−1)/(de)−2). By Lemma 3.1, the number 2λf(q−
1)/(de)− 2 is nonzero, as B2 6= 0. Thus
n < 2
λf(q − 1)
de
≤ 2λ(q − 1),
as f = ((qk − 1)/(q − 1), de) ≤ de. Since d ≤ (q − 1)/e ≤ (q − 1)/2, we have
2λ
qk − 1
q − 1
≤ n = λ
qk − 1
d
< 2λ(q − 1),
which implies k = 1. In this case, we have f = ((qk− 1)/(q− 1), de) = 1 and
the inequality n < 2λf(q − 1)/(de) implies
λ
q − 1
d
= n <
2λ(q − 1)
de
,
so e ≤ de < 2, a contradiction.
Proof of Theorem 1.1
Proof. We prove by contradiction. Suppose that C is two-weight. Let w1
and w2 denote the two nonzero weights of C. By Lemma 3.2, both Cd and
CD are also two-weight. The equation (11) implies that q
2k−2 | w1w2. We
9
show that the values of w1 and w2 defined in (6) cannot satisfy this condition.
Recall that
w1 =
λ(q − 1)psθ(ps(h−θ) − ǫm)
dq
, w2 =
λ(q − 1)psθ(ps(h−θ) − ǫm+ ǫg)
dq
,
where ǫ = ±1 and m is a positive integer with following properties
(i) m | (g − 1),
(ii) mpsθ ≡ ǫ (mod g), where ǫ = ±1,
(iii) m(g −m) = (g − 1)ps(h−2θ),
and θ = θ(g, p) is defined by
θ(g, p) =
1
p− 1
min{Sp
(
j(ph − 1)
g
)
: 1 ≤ j ≤ g − 1}.
Since q2k−2 | w1w2, we have q
2k = p2kt | p2sθ(ps(h−θ)− ǫm)(ps(h−θ)− ǫm+ ǫg).
Note that kt = sh, so p2s(h−θ) divides (ps(h−θ) − ǫm)(ps(h−θ) − ǫm+ ǫg). The
difference between (ps(h−θ) − ǫm + ǫg) and (ps(h−θ) − ǫm) is ǫg, a divisor of
(q − 1) and not divisible by p. Thus, only one of the numbers (ps(h−θ) − ǫm)
or (ps(h−θ) + ǫ(g −m)) is divisible by p2s(h−θ).
Case 1. (ps(h−θ) − ǫm) is divisible by p2s(h−θ).
Write m = aps(h−θ), a ∈ Z+. By (iii), we have g−1 = apsθ(g−m). Note that
m | (g − 1) and psθ ≥ p ≥ 2, so m = g − 1 and g = 1 + apsθ. The equation
(iii) again implies h = 2θ. Note that h = ordg(p), so g = 1 + ap
sθ divides
ph − 1 = p2θ − 1. We obtain s = 1 and a = 1. The condition (ii) implies
ǫ = 1. We obtain ps(h−θ) − ǫm = 0 and thus w1 = 0, a contradiction.
Case 2. (ps(h−θ) + ǫ(g −m)) is divisible by p2s(h−θ).
Write g −m = (aps(h−θ) − ǫ)ps(h−θ), a ∈ Z+. By (iii), we have
g − 1 = (aps(h−θ) − ǫ)psθm = mpsh
(
a−
ǫ
ps(h−θ)
)
.
Note that g | (ph − 1) and θ ≤ h− 1, so(
a−
ǫ
ps
)
mpsh ≤ g − 1 < ph.
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We obtain a = m = s = ǫ = 1 and g − 1 = ph − pθ. Replacing m = 1 into
(iii), we obtain g − 1 = (ph−θ − 1)ph−θ. Thus, h = 2θ. The condition (ii)
implies pθ ≡ 1 (mod g), contradicting with ordg(p) = h = 2θ.
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